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A SHORT PROOF OF A THEOREM ON
COMPLEX LINDENSTRAUSS SPACES

BY
A. K. ROY

ABSTRACT

A short proof is given of a theorem of Lima which asserts that a Banach space A
with the property that every family of four balls in A with the weak intersection
property has a non-empty intersection, is a Lindenstrauss space, i.e. A* is
isometric to an L'(u)-space.

1. Introduction

Let A be a Banach space defined over the complex scalars C. If B(x,r)
denotes the closed ball (in A ) with centre at x and of radius r, we say that A is an

E(4) space if, given a family {B(x, r.)}c-1 of 4 balls with the weak intersection
property, i.e.

N Bo®Lm#8  VeeA”, |olst,

then
Qx B(xk, rk);é %)

It was conjectured by Hustad [3], and proved by Lima [4], that the dual of an
E(4) space is isometric to an L'(u )-space.

The object of this note is to provide a quick proof of this result using the oft-
quoted Hirsberg—Lazar criterion [2] for closed subspaces of Cc(X) (containing
the constants and separating the points of X, a compact Hausdorff space) to be
Lindenstrauss spaces, and the following property of E(4) spaces (proved in [4]
for a formally larger class of spaces):

THEOREM 1.1. Let A be a complex Banach space. Denote by H* (A*) the
subspace
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{(xl, X2, X3, X) € (A¥)% 2} X = 0}

of (A*), the 4-fold product of A* with itself, where (A*)* is equipped with the

norm

IGer %, x5 x01 = 3, .

If A is an E(4)-space, then every element (x., X, X3, xs) of H* (A*) can be
expressed as Zi_\(Yi1, Yiz, Vi3, Yja) Where

() lxell==j-i lyn || for each k,

(i) each (y;1, Y2, Vis, ¥ia) € H*(A*) and has at most 3 non-zero components.

We should remark that the proof in [4] of the result that E(4) spaces are

L'-preduals, is quite different and does not use the Hirsberg-Lazar theorem
quoted above. An alternative derivation has been suggested by Lima [5] from
the proof of his result that E (3) spaces are also L '-preduals but the arguments in
[5] are quite difficult.

2. Main theorem

Let A be an E(4) space. By the device employed in [5, page 339), it is no loss

of generality to assume that A is a closed subspace (in the supremum norm) of
C(X), for some compact Hausdorff space X, that 1 € A and that A separates
the points of X. Let

S={peA™|¢ll=01)=1}

be the state space of A. By theorem 2 in [2], it is enough to verify that

conv(S U — iS) is a (Choquet) simplex, and this will follow immediately once we
have checked that (i) S is split in conv(S U ~iS) and (i1) S is a simplex.
Proor oF (i). Let
Api— (1= Ayig, = Apa— (1 — Ay)ig,
where 0 <A, A;<1,and p,, ps, 1,2 € S. As1 € A, S is always a “parallel” face

of conv (S U —iS), i.e. A;= A,, and it suffices to check that p, = p..
By Theorem 1.1, we can write

()\1171, — APz, — (1 - Al)iqu (1 - Al)ﬁ]z) = (0, Zy2, 213, 214) + (221, 0,25, 224)

+ (231, 232, 0, Z34) + (241, Za2, 243, 0),
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where each of the terms on the right belongs to H*(A*) and we have

(1) Apr=2Zat Zut Za, M= zall |zl + 2w,

() —AP2= 2t Znt Ze, A=zel+ | zall + | zel,

€) —(I-A)igi=zi5+ 255+ Za3, 1= A= zos| + ] z2s] + ]| 25,
“4) (A= X)ig2= z1a+ Z2a+ 234, 1= A= zaa] + | z2a] + | 24l

Let § be the cone generated by the face S of A%, the dual bali of A. As facial

cones are hereditary, we see from (1) that z,,, 25, 24 € S. Similarly, we see from
(2)-(4) that — z,;, — 23, — 252 € S, iz, iz, iz € S and — 2y, — 224, — i23E€ S.
On adding (3) and (4),

A-A)i(g2=q) = (zist 21) + (2t 220} + Zis + Z2a
=(—zZp)— zZn—i(ize) +i(—iz5)
and evaluating these functionals at 1, we get
0={lzol - zal - i}zl -l za).

Hence

) {Illull =],

lzs4ll =l zas].

Similarly, by adding (1) and (3), we have

(6) { A= zal + | zell,
1= A=zl + [z,

and on adding (1) and (4), we get

@) { A= zal + | za],
1= A= zul| + | z25].

From (6),
1={lz] + ]| z2all + | zaa [l + ]| 2]
=lzull+iiza+ zall + 22l + {201 + 2]
=[lzull+ (22l + [ z2l) + 220 + (|2l + [ zs1l)
=M+(1-A)  (from the second equations in (1) and (3))

=1
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It follows that

I 221+ 22| = || 22| + || 28],
[ za+ zasll = | zadll + || zasll,
and hence

Z43
223

Zy
22

Zall+
Za|l+

’

®) {

b

Equating (7) and (2),
M= zall 2l = zia] + [ 222l + | 222l
and we have, from (8),
lzall =Nzl + ]l zel

=Nzl +llzall+ | zal.
Thus, z; =z, =0 and (5) gives that z,, = z3, = 0. Therefore

Ap1= 23+ Zy,

—AP2= 2t Za,
giving that _

Mpi=p)=(2u+ 2)+(2a+ 24)

= T 2Zu7 2Za
=0,

and we can conclude that p, = p, as required.

ProoroF (ii). S being w* compact, the cone § is locally compact. Moreover,
as a simple consequence of Theorem 1.1 (see lemma 2.1 in [4]), $ has the Riesz
decomposition property and hence the directed vector space S-S has the Riesz
interpolation property by proposition IL.3.1 in [1]. By proposition I1.3.2. in [1],
$-S$ is a vector lattice, i.e. S is a simplex.
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